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CHAPTER 5 = INTEGRATION

An analogous calculation could be done
using left Riemann sums or midpoint
Riemann sums.

e. This integral cannot be evaluated without knowing the intervals on which f is positive

and negative. It could have any value greater than or equal to 10.
Related Exercises 39—44<

. 2 2 i :
QUICK CHECK 6 Evaluate f_l xdx and f#1|x| dx using geometry.

Evaluating Definite Integrals Using Limits

In Example 3 we used area formulas for trapezoids, triangles, and circles to evaluatfa defi-
nite integrals. Regions bounded by more general functions have curved boundaries for
which conventional geometrical methods do not work. At the moment the only way to
handle such integrals is to appeal to the definition of the definite integral and the summa-

tion formulas given in Theorem 5.1. 4 o
We know that if [ is integrable on [a, b], then fa f(x)dx = &121)’10 ,;f(xk) Ax, for

any partition of [a, b] and any points X. To simplify these calculations, we use equally :
spaced grid points and right Riemann sums. That is, for each value of n we let k

L and %, = a + kAx, for k =1,2,...,n Then, as n—> 00 and

b
Axk = Ax =
A—0,

b n n
f f(x)dx = Alim0 > f(F)Ax, = lim kz‘if(a + kAx)Ax.
a —0 =1 n>0 jem

2
EXAMPLE 6 Evaluating definite integrals Find the value of fo (x* + 1) dx by
evaluating a right Riemann sum and letting n — 0.

SOLUTION Based on approximations found in Example 5, Section 5.1, we c‘onjectured that

the value of this integral is 6. To verify this conjecture, we now evaluate the integral exactly.
b—a 2

The interval [@, b] = [0,2] is divided into n subintervals of length Ax = =

which produces the grid points
2 2k
fk=a+kAxi0+k-;=7,
Letting f(x) = x° + 1, the right Riemann sum is
p 2
Gl
n n

n 3 n n
) gk
= k=1 k=1

3
k=1\ 1

M=

éf(fk}é\x =

==
Il

n

8!! 3 n " B ii‘ 5 ]!{'
(e &) Barw-Zor B

n 3
2 2 n 2 + 1) n .
_2 X8 o ) i n} 2k = i y and 1 = n; Theorem 51
nln® 4 =1 4 k=1 J
4n* +2n + 1

7 ) 42

n2

Il

I S|

Simplify.
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SECTION 5.2 EXERCISES

Review Questions
1.  Explain what net area means.

5.2 Definite Integrals 331

Now we evaluate f02 (x* + 1) dx by letting n — ©0 in the Riemann sum:

2 n
f(x3 + 1)dx = lim > f(%)Ax
0

n—00 =
o [4(R*+2n+ 1)

= lim . + 2

n—co n

dok On 4 1

= 4 lim (%) + lim 2

n—00 n n—od
=41)+2=6

2 ; ! : i
Therefore, fo (x* + 1)dx = 6, confirming our conjecture in Example 5, Section 5.1.
Related Exercises 45-50<

The Riemann sum calculations in Example 6 are tedious even if f is a simple func-
tion. For polynomials of degree 4 and higher, the calculations are much more challenging,
and for rational and transcendental functions, advanced mathematical results are needed.
The next section introduces more efficient methods for evaluating definite integrals.

71 15-18. Approximating net area The following functions are positive
and negative on the given interval.

2. How do you interpret geometrically the definite integral of a a. Sketch {hef unction on the given interval.
function that changes sign on the interval of integration? b. Approximate the net area bounded by the graph of f and the

3. When does the net area of a region equal the area of a region?

x-axis on the interval using a left, right, and midpoint Riemann
sum with n = 4.

When does the net area of a region differ from the area of a region? ¢. Use the sketch in part (a) to show which intervals of [a, b)

4. Suppose that f(x) < 0 on the interval [a, #]. Using Riemann
sums, explain why the definite integral fab f(x) dx is negative.

5. Use graphs to evaluate f(}zﬁ sin x dx and fozw cos x dx.
n
6. Explain how the notation for Riemann sums, 2 f(x)Ax,

corresponds to the notation for the definite integral, f ab S(x)dx.

make positive and negative contributions to the net area.
15. f(x) = 4 — 2x; [0,4] 16. f(x) =8 — 2x% [0,4]
17. f(x) = sin2x; [0,37/4] 18. f(x) = x% [1,2]

19-22. Identifying definite integrals as limits of sums Consider the
= following limits of Riemann sums of a function f on [a, b). Identify f
and express the limit as a definite integral.

7. Give a geometrical explanation of why fa" f(x)dx = 0. n

19. lim > (%2+ 1)Ax,; [0,2
8. Use Table 5.3 to rewrite f16(2x3 — 4x) dx as the sum of two A—0 ,;{ k JAxg [0,2]
integrals,
9. Use geometry to find a formula for j;)a x dx, in terms of a. 20. Aimo >4 - 3HAx; [-2,2)
: 3 0 k=1
10. If f is continuous on [a,b] and f: [£(x)| dx = 0, what can you
conclude about 2 n
21, lim >, % InX Axy [1,2]
Basic Skills G 2:1

On the given interyal.

:: iketch r.he function on the given interval,
xppr'ox:mare f_he net area bounded by the graph of f and the
axis on the interval using a left, right, and midpoint Riemann

Sim withn = 4,
. J(x) =  2x — 1; [0’4]

a Sfx) = 8in 2x; [7/2,m)

g net area The following functions are negative

12, f(x)
14. f(x) = x* - 1; [-2,0]

22, lim 3 |%¢— 1|lAxy [-2,2]
A=0 (3

23-30. Net area and definite integrals Use geometry (not Riemann
sums) to evaluate the following definite integrals. Sketch a graph of the
integrand, show the region in question, and interpret your result.

= —4 — x% [3,7] 2
24, f (2x + 4)dx

4

4
23. f (8 — 2x)dx
0




4
27. f V16 — x*dx
0
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2 2
25. j(ﬁlx[)dx 26. /U(l—lxl)dx

3
28. f 4 — (x — 1)*dx
-1

A 5 ifxs2
29. /0 f(x)dx where f(x) = s il e
10 4x fo=x=2
30. / g(x) dx where g(x) = { —8x + 16 #2 < x=3
: -8 ifx >3

31-34. Net area from graphs The figure shows the areas of regions
bounded by the graph of f and the x-axis. Evaluate the following
integrals.

a b
31 /Of(x)dx 32. Af(x)dx

33. fﬂc f(x)dx 34. j:f(x) dx

o
y=fx)

m

0 aVa ¢ x

35-38. Net area from graphs The accompanying figure shows four
regions bounded by the graph of y = x sin x: Ry, Ry, Ry, and Ry, whose
areas are 1, — 1,7 + 1, and 27 — 1, respectively. (We verify these
vesults later in the text.) Use this information to evaluate the Jollowing
integrals.

o
35. f xsinx dx
0

2
37. ] xsin x dx
0

3mf2
36. f xsinxdx
0

2
38. / xsinxdx
2

yA
1 Area=1 Area=7 + 1
= Rl ! Rzl i |
! X

L i BT
_'2.__

s Area =7 — 1 ey
_4-ﬁ

39. Properties of integrals Use only the fact that
f: 3x(4 — x) dx = 32 and the definitions and properties
of integrals to evaluate the following integrals, if possible.

4
b. f x(x — 4)dx
0

8
d. f 3x(4 — x)dx
0

0
a. / 3x(4 — x)dx
4

0
c. / 6x(4 — x)dx
4

4
40. Properties of integrals Suppose ﬁ f(x)dx = 8and
f16 f(x)dx = 5. Evaluate the following integrals.

4 4
a. ]1 (—3f(x)) dx b. [ 3f(x) dx

6
¢ /4-12f(x)dx d.l3f(x)dx

6

3
41. Properties of integrals Suppose fo f(x)dx =2,
f36 f(x)dx = —5,and f36g(x) dx = 1. Evaluate the following

integrals.

a. jﬂaﬁf(x) dx

6
g f3 (3f(x) — g())dx

6
b. f [~3g(x)] d

3
o [ 159+ 289)
6
42. Properties of integrals Suppose that f(x) = 0 on (0,21,

5
F(x) = 00n[2,5), fy f(x)dx = 6,and [, f(x)dx = —8.
Evaluate the following integrals.

a. /Usf(x) dx

5
& f 4l () dx

5
b. /0 [£(x)| dx

a jﬂ ) + 1)) dx |

43-44. Using properties of integrals Use the value of the first
integral I to evaluate the two given integrals.

. 3
43. 1= f (x* = 2x)dx = =7
0

1 0
a. f (4x — 2x%)dx b. f (2x — x*) dx
0 1

w2
44. I = f (cos@ — 2sin6)dd = —1
0

a2 0 j .
a. / (2sin@ — cos0) do b. f (4cos@ — 8sin 0)d
0 /2 4

Ao 3 o

M56-60. A

45-50. Limits of sums Use the definition of the definite integral to
evaluate the following definite integrals. Use right Riemann sums and
Theorem 5.1.

2 5
45, / (2x + 1)dx 46. f (L= %)
0 1
7 2

47. f (4x + 6)dx
3

48. - 1)d
/o(" )dx
4
49. /(x2~1)dx
1

2
50. f 4x*dx
0
Further Explorations

51. Explain why or why not Determine whether the following state-
ments are true and give an explanation or counterexample.

a. If f is a constant function on the interval [a, b], then the right
and left Riemann sums give the exact value of |, ab S(x) dx for
any 7. :

b. If f is a linear function on the interval [a, b], then a midpoint
Riemann sum gives the exact value of f ab JS(x) dx for any a.

[ Dzm'ﬂ sinaxdx = fezw/a cos ax dx = 0 (Hint: Graph the

functions and use properties of trigonometric functions).
If fab f(x)dx = fba f(x) dx, then f is a constant function.
Property 4 of Table 5.3 implies that

S2xf(x)dx = x [P f(x) dx.

e

(2

52-55. Approximating definite integrals Complete the following

steps for the given integral and the given value of n.

a. Sketch the graph of the integrand on the interval of integration.

b. Calculate Ax and the grid points xg, xy, ..., X, assuming a
regular partition.

¢. Calculate the left and right Riemann sums for the given
value of n.

d. Determine which Riemann sum (left or right) underestimates
the value of the definite integral and which overestimates the
value of the definite integral.

2 6
52, -/0 B8 2)dx; n = 4 53. f (1 =2x)dx; n=206
3

/2 I I
54, [ cosxdx; n=4 55; f —dx; n=206
0 X

Pproximating definite integrals with a calculator Consider
ving definite integrals.

the follo,

@ Write the left and right Riemann sums in sigma notation for

= 20,50, and 100. Then evaluate the sums using a calculator.

b.
ﬁ'ased lipon your answers to part (a), make a conjecture about
€ value of the definite integral.,

9
s. 1
.[4 3V}d.1’ 57. /(x?, s I}dx
0
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1 1
58. ftan (ﬂ) dx 59. /e“a’x
0 4 0

1
60. f cos (x_'n') dx
5] 2

i1 61-64. Riemann sums with midpoints and a calculator Consider

the following definite integrals.

a. Write the midpoint Riemann sum in sigma notation for an
arbitrary value of n.

b. Evaluate each sum using a calculator with n = 20, 50, and
100. Use these values to estimate the value of the integral.

4 2
61. /2\/de 62. f sin(%)dx
1 -1

12
64. / sin ' xdx
]

65. More properties of integrals Consider two functions f and
gon [1, 6] such that fléf(x) dx = 10, flﬁg{x) dx =5,

fff(x) dx =5, and flag(x) dx = 2. Evaluate the following
integrals.

4
a f] 3 f(x)dx

4 6
e [ (o) =gl @ /4 (el = Fe) e
6

e f48g(x)dx f /4]2f(x)dx

66-69. Area versus net area Graph the following functions. Then use

geometry (not Riemann sums) to find the area and the net area of the
region described.

4
63. / (4x — x?)dx
0

6
b. fl (F(x) - 8(x)) dx

66. The region between the graph of y = 4x — 8 and the x-axis for
—4=x=8

67. The region between the graph of y = —3x and the x-axis for
—2=x=2

[

68. The region between the graph of y
0=x=6

Il

3x — 6 and the x-axis for

69. The region between the graph of y

—=2=x=2

1 — |x| and the x-axis for

70-73. Area by geometry Use geometry to evaluate the following
integrals.

3
70. f |x + 1| dx
=2

6
72. f (3x — 6)dx
1

6
7L, / |2x — 4| dx
1

4
73. / V24 — 2x — x*dx
—6
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Additional Exercises

74. Integrating piecewise continuous functions Suppose f is
continuous on the interval [a, ¢] and on the interval (¢, b], where
a < ¢ < b, with a finite jump at x = ¢. Form a uniform partition
on the interval [, ¢] with n grid points and another uniform
partition on the interval [¢, b] with m grid points, where x = ¢
is a grid point of both partitions. Write a Riemann sum for

fab f(x) dx and separate it into two pieces for [a, ¢] and [c, b).
Explain why [*f(x)dx = [f(x)dx + [7f(x)dx.

75.76. Piecewise continuous functions Use geometry and the result
of Exercise 74 to evaluate the following integrals.

10 ;
2 it % < 8
75. ! f(x)dx where f(x) = {3 i g =10

6 :

2 if1=x<4
. h =
7 fl s wheey () {10—2x ifa=x=6

77. Constants in integrals Use the definition of the definite integral
to justify the property f:c f(x)dx =c/, ab f(x) dx, where f is
continuous and c is a real number.

78. Exact area Consider the linear function f(x) = 2px + gon the
interval [a, b], where a, b, p, and g are positive constants.

5.3 Fundamental Theorem of Calculus

Evaluating definite integrals using limits of Riemann sums, as described in Section 5.2, i$
usually not possible or practical. Fortunately, there is a powerful and practical method for
evaluating definite integrals, which is developed in this section. Along the way, we dis-
cover the inverse relationship between differentiation and integration, expressed in the =

a. Show that the midpoint Riemann sum with n subintervals
equals [ ab f(x) dx for any value of n.
b. Show that fabf(x) dx = (b — a)[p(b + a) + q].

79, A nonintegrable function Consider the function defined on [0, 1]
such that f(x) = 1if x is a rational number and f (x) = 0ifxis
irrational. This funlction has an infinite number of discontinuities,
and the integral fo f(x) dx does not exist. Show that if you con-
sider only right, left, and midpoint Riemann sums on regular
partitions with n subintervals, then they equal 1 for all n.

80. Powers of x by Riemann sums Consider the integral
I(p) = fgl x” dx where p is a positive integer.

a. Write the left Riemann sum for the integral with n subintervals.
b. Itis a fact (proved by the 17th-century mathematicians

F t and Pascal) that li lnil(E)pf 1
ermat and Pasca ani»nolonk:o > ol 1

Use this fact to evaluate I(p).

| QUICK CHECK. ANSWERS | h

1. =20 2. f(x) =1 — xis one possibility. 3. 0 4. 10;
3.5

cb—a) 5.0 6. 33

RS oy

most important result of calculus, the Fundamental Theorem of Calculus.

Area Functions

Ax) = j £(7) dt

i Ax)
| I <
Ol a X t
@ﬁi’a@ variable
FIGURE 5.32

The concept of an area function is crucial to the discussion about the connection betweel =
derivatives and integrals. We start with a continuous function y = f(¢) defined for ¢t = @
where « is a fixed number. The area function for f with left endpoint a is denoted A(x):
it gives the net area of the region bounded by the graph of f and the t-axis between f = &
and ¢t = x (Figure 5.32). The net area of this region is also given by the definite integral

Independent variable
of the area function
/ x

Variable of integration
(dummy variable)

A dummy variable is a placeholder; its
role can be played by any symbol that
does not conflict with other variables
in the problem.
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N otice that x is the upper limit of the integral and the independent variable of the area
functhn: As x changes, so does the net area under the curve. Because the symbol x is al-
reaf:ly in use as the independent variable for A, we must choose another symbol for the
variable of integration. Any symbol—except x—can be used because it is a dumm, '
able; we have chosen ¢ as the integration variable. S
. Figure 5.33 gives a general view of how an area function is
isa contipuous function and « is a fixed number. Now choose a [gazri!:: Ztei' iu!lj“ﬁzsseih:;ejez
of thili: region be.tween the graph of f and the #-axis on the interval [a, b] is fll(b) Movin,
the right endppmt to (¢, 0) or (d, 0) produces different regions with net areas .A(c) ancgi
A(d), respectively. In general, if x > a is a variable point, then A(x) = ["f(¢) dt is the
net area of the region between the graph of f and the ¢-axis on the interval [‘:z, %],

3 SIS P R T
"‘“’)=L fod |y AQ = [f@ar | @ lﬂfdwlf md’]

] d
> 1 >
a b ! a C\ T ‘ ﬂll c I 1
y=f y=f y=f

Valiies of theiet | Net area increases Net area decreases

area appear on fromx=atox=c¢| [forx>c¢

the graph of the YA - e s —

area function. (¢, A(€)) :

N /' (@ A)
(b, A(D))
y = A(x)
(@, Aa)), . .

s
é
o
Q.
=Y

FIGURE 5.33

Figure 5.33 shows how A(x) varies with respect to x. Notice that A(a)=

a
J[ i J)’ (r_) c(i)t = 0. Then, for x >a the net area increases until x = ¢, at which point
(ih = (. For X > ¢, the function f is negative, which produces a negative contribution
to the area function. As a result, the area function decreases for x > c¢.

DEFINITION Area Function
I;t?t Jf be a continuous function for # = a. The area function for f with left endpoint |
is

o f Fer

where x = a. The area function gi i
gives the net area of the region bounded b
graph of f and the t-axis on the interval [a, x]. ¢ e




